In this work, we apply Adomian decomposition method for solving nonlinear derivativedependent doubly singular boundary value problems: (py ′ ) ′ = qf (x, y, y ′ ). This method is based on the modification of ADM and new two-fold integral operator. The approximate solution is obtained in the form of series with easily determinable components. The effectiveness of the proposed approach is examined by considering three examples and numerical results are compared with known results.
Introduction
Singular boundary value problems for ordinary differential equations arise very frequently in many branches of applied mathematics and physics such as gas dynamics, chemical reactions, nuclear physics, atomic structures, atomic calculations, and study of positive radial solutions of nonlinear elliptic equations and physiological studies [1] [2] [3] [4] . Consider the following class of nonlinear singular boundary value problems (p(x)y ′ (x)) ′ = q(x)f (x, y(x), y ′ (x)), 0 < x ≤ 1, (1.1) with boundary conditions
where α 1 > 0, β 1 ≥ 0, γ 1 and η 1 are any finite constants. The condition p(0) = 0 characterizes that the problem (1.1) is singular and if q(x) is allowed to be discontinuous at x = 0 then the problem (1.1) is called doubly singular [5] .
The study of singular boundary value problems has attracted the attention of several researchers [5, 6] . In [6] , for continuous q(x) and in [5] , for q(x) not necessarily continuous at x = 0 the existence as well as uniqueness of solution of equation (1.1) was discussed.
The main difficulty of problem (1.1) is that the singularity behavior occurs at x = 0. The establish of existence and uniqueness of solution of the singular problems (1.1)-(1.2) is presented in [7] .
Finding the solution of nonlinear SBVP (1.1), most of the methods designed for nonsingular boundary value problems suffer from a loss of accuracy or may even fail to converge [8] , because of the singular behavior at x = 0. However, the finite difference method can be used to solve linear singular two point BVPs, but it may be difficult to solve nonlinear singular two-point boundary value problems. Moreover, the finite difference method requires some major modifications that include the use of some root-finding technique while solving nonlinear singular two-point BVPs.
In [9] , the author has discussed existence and uniqueness of solutions of singular equation y ′′ = f (x, y, y ′ ) and presented variable mesh methods for numerically solving such problems. The higher order finite difference and cubic spline methods are carried out in [10, 11] for the singular BVP y ′′ + ( k /x)y ′ = r(x) − q(x)y, where k is any constant. Recently, some newly developed approximate methods have also been employed to solve special case of SBVPs (1.1). For example, Adomian decomposition method [12] [13] [14] , the Homotopy perturbation method [15] , homotopy analysis method [16] and variational iteration method [17, 18] .
Standard Adomian decomposition method
Adomian decomposition method has received a lot of attention because it allows solution of both linear and nonlinear ordinary differential, partial differential and integral equations. Adomian [19] asserted that the ADM provides an efficient and computationally worthy method for generating approximate series solution for the large class of functional equations. According to standard ADM equation (1.1) can be rewritten as
dx 2 is linear derivative operator; Ny = − p ′ /py ′ + q /pf (x, y, y ′ ) represents the nonlinear term. The inverse operator of L is defined as
Operating the inverse linear operator L −1 (·) on both the sides of (1.3), we obtain
Next, we decompose the solution y and the nonlinear function Ny by an infinite series as
where A n are Adomian polynomials that can be constructed for various classes of nonlinear functions with the formula given by Adomian and Rach [20] A
Substituting the series (1.6) into (1.5), we obtain
From the equation (1.8), the ADM admits the following recursive scheme
that will lead to the complete determination of components y n and hence the n-term truncated is abstained as
The ADM has been applied to solve nonlinear boundary value problems for ordinary differential equations by many researchers [12] [13] [14] [21] [22] [23] [24] [25] [26] [27] . Solving nonlinear boundary value problems using standard ADM or modified ADM is always a computationally involved task as it requires the computation of undetermined coefficients in a sequence of nonlinear algebraic equations which increases the computational work, (see [12, [23] [24] [25] ).
In order to avoid solving such nonlinear algebraic equations for nonlinear two-point boundary value problems with derivative dependent source function, we use ADM which does not require any addition computational work for unknown constant based on the work [27] [28] [29] [30] [31] [32] .
Modified Adomian decomposition method
In this section, we apply improved ADM based on two-fold integral operator for solving nonlinear singular boundary value problems. We rewrite equation (1.1) as:
where
′ is the linear differential operator to be inverted. Two-fold integral operator L −1 (·) regarded as the inverse operator of L(.) is proposed as
We operate L −1 (·) on the left hand side of (2.1) and use y(0) = η 1 yields
We again operate L −1 (.) on both sides of (2.1) and use (2.3), gives
For simplicity, we set
.
Then the equation (2.4) may be written as
To eliminate c 1 from (2.5), we impose α 1 y(1) + β 1 y ′ (1) = γ 1 , and we obtain
Substituting the value of c 1 into (2.5), we obtain
Substituting the series defined in (1.6) into (2.7) gives
Comparing the both sides of (2.8), we have
. . .
The recursive scheme (2.9) gives the complete determination of solution components y n of solution y and hence the approximate series solution ψ n can be obtained as
Numerical illustrations and discussions
In order to demonstrate the effectiveness and efficaciously of the proposed method, we have considered three complicated nonlinear singular examples. All the numerical results obtained by proposed ADM are compared with known results. Now, we denote error functions as E n (x) = |ψ n (x) − y(x)| and the maximum absolute errors as
Example 3.1. Consider the nonlinear boundary value problem (x α y ′ ) ′ = βx α+β−2 e y − xy ′ − α − β + 1), 0 < x ≤ 1, y(0) = ln 1 4 y(1) = ln 1 5 ,
with exact solution y(x) = ln(
Applying (2.9) to the equation (3.2), with α 1 = 1, β 1 = 0, γ 1 = − ln(5) and η = − ln(4), we have y 0 = − ln(4),
The Adomian polynomials for f (x, y, y ′ ) = −β xe y y ′ + e y (α + β − 1)) with y 0 = − ln(4) are obtained as: . . .
The maximum absolute error E (n) for n = 5, 8, and 10 are listed in Table 1 and 2 for different values of α and β. Example 3.2. Consider the nonlinear singular boundary value problem
and exact solution is y(x) = ln(
2+x
).
Applying (2.9) to the equation to the equation (3.5), with α 1 = 1, β 1 = 0, γ 1 = − ln 3 and η 1 = − ln 2, we obtain y 0 = − ln 2,
The Adomian polynomials for f (x, y, y ′ ) = − xe y y ′ + e y α) with y 0 = − ln(2) are obtained as
For α = 0.5: Using (3.6) and (3.7), we obtain For different values of α, the maximum absolute error E (n) , for n = 5, 8 and 10, are given in Table 3 . It can be noted that when n increases the maximum error decreases. 
with exact solution y(x) = e x β .
Applying (2.9) to the equation to the equation (3.8) , with α 1 = 1, β 1 = 0, γ 1 = e and d = η 1 , we obtain y 0 = 1,
where A n = β (xy ′ n + y n (α + β − 1)) . For α = 0.5, β = 1: Using (3.9), we obtain Table4 and Table 5 . 1.53819×10 −6
1.19534×10
−8
Conclusion
The Adomian decomposition method has been used for solving a class of nonlinear singular boundary value problems with derivative dependent source function, i.e., f (x, y, y ′ ). The main advantage of the approach is that it provides a direct scheme for solving the doubly singular boundary value problems. The method provides a reliable technique which requires less work compared to standard Adomian decomposition method. The numerical results of the examples are presented and only a few terms are required to obtain accurate solutions. By comparing the results with other existing methods, it has been proved that ADM is a more powerful method for solving doubly singular boundary value problems.
